More definitions

e et r; and [; be defined as follows:

r; = max (]—I—Z]—l)
1<j<i
S.t. Zj >0

l; = argmax (j + Z; — 1)
1<j<i
S.t.Zj>O

Position: 1 2 3456
String: X t px td
Z;: 00200
ri: 00555
l;;: 00444

10



Linear-time calculation of Z;

Initialize Z7; = r = | = 0 and start at K = 1. From left-to-right over S, hence at

position k we have already calculated Zj_; and have current values for I and r

e If £k > 7, begin comparing with beginning of S. Length of match is Zj. If
Zr > 0,thenr = k+ Z, — 1andl = k.

olfk < r,then S(k) = S(k’) where k' =k —1+1
Further, S[k, r] = S[k’, Zi]
Thus, Z;, > min(Zy, |S[k,r]|)
o If Z;y < |S[k, ]|, then Zy, = Z;s and r, [ unchanged
o If Z;, > |S[k, ]

, then Z;, = |S[k, r]| and 7, l unchanged

e Otherwise, begin comparing position  + 1 with |S[k, r]| + 1
If mismatch at position g, then Z, = q — k,l =k, r =q — 1

11



Simple linear-time exact match algorithm

e Why do we care about Z;?

e Let $ be a reserved symbol unobserved in P or T

e Let S = PS$T. Since $ not in T, |P| = max(Z;)

¢ When Z; = |P|, there is a match beginning at S(2)

e Worst case complexity O(|P|+|T'|) instead of O(|P||T)

12



Simple linear-time algorithm: worst case

1 234567890123456789012345678901234
1

aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

T

r=20 kK > r
[l =0

Comparisons: 1

Calculations: O

13



Simple linear-time algorithm: worst case

1 234567 890123456738 9012345¢6728901223414

J 1
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

/]\

r=20 kK > r
[l =0

Comparisons: 2

Calculations: O

14



Simple linear-time algorithm: worst case

1 234567 890123456738 9012345¢6728901223414

4 2
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

T

r=20 kK > r
[l =0

Comparisons: 3

Calculations: O
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Simple linear-time algorithm: worst case

1 234567 890123456738 9012345¢6728901223414

4 3
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

r=20 k > r
[=0
Comparisons: 4

Calculations: O
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Simple linear-time algorithm: worst case

1 234567 890123456738 9012345¢6728901223414

4 4
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

T

r=20 kK > r
[l =0

Comparisons: 5

Calculations: O
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Simple linear-time algorithm: worst case

1 234567 890123456738 9012345¢6728901223414

4 5
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:

/I\

r=20 kK > r
[l =0

Comparisons: 6

Calculations: O

18



Simple linear-time algorithm: worst case

1 234567890123456789012345678901234
1

aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z: 5

T

r=6 k<r,k'=2,2,=5,|Sk,r]|=4
[ =2

Comparisons: 6

Calculations: 1

19



Simple linear-time algorithm: worst case

1 234567890123 4567890123456728901234

aaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
5 4

N o <+

T

r=6 k<r,k'=3,27Z,=4,|Sk,r]|=3
[ =2

Comparisons: 6

Calculations: 2

20



Simple linear-time algorithm: worst case

1 234567890123 4567890123456728901234

aaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
54 3

N o <+

r=6 k<r,k'=4,2Z,=23,|Sk,r]|=2
[ =2

Comparisons: 6

Calculations: 3
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Simple linear-time algorithm: worst case

1 234567890123 4567890123456728901234

aaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
54 32

N o <+

/I\

r=6 k=r,k=5,2Z,=2,|S[k,r]|]=1
[ =2

Comparisons: 6

Calculations: 4
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Simple linear-time algorithm: worst case

1 234567890123456789012345678901234
1

aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z: 54321

/I\

r =206 k>r
[ = 2

Comparisons: 7

Calculations: 4
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Simple linear-time algorithm: worst case

1 234567890123456789012345678901234
1

aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z: 543210

T

r =206 k>r
[ = 2

Comparisons: 8

Calculations: 4
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N o <+

Simple linear-time algorithm: worst case

234567890123 456789012345678901234

aaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
5432106

T

r=13 k<r,k'=2,27Z,,=5,|S[k,r]|=5
| =8

Comparisons: 15

Calculations: 5
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Simple linear-time algorithm: worst case

1 234567890123456789012345678901234

15
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:5432106

T

r=13 k<r,k'=2,27Z,,=5,|S[k,r]|=5
| =8

Comparisons: 16

Calculations: 5
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Simple linear-time algorithm: worst case

1 234567890123456789012345678901234
1

aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z: 54321066

T

r=14 k<r,k'=2,27Z,,=5,|S[k,r]|=5

Comparisons: 15

Calculations: 6
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Simple linear-time algorithm: worst case

1 234567890123456789012345678901234

15
aaaaaa$aaaaaaaaaaaaaaaaaaaaaaaaaaa
Z:54321066

T

r=14 k<r,k'=2,27Z,,=5,|S[k,r]|=5

Comparisons: 16

Calculations: 6

28



Typical case complexity

e Any position with Z; = 6 (length of pattern) starts an exact match

e Clear that this algorithm, in the worst case, will be linear in the

length of pattern+text
e Not clear if the improvement over naive will be that great typically

— Less frequent matching of even short prefixes

— Less gain from just calculation
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Simple linear-time algorithm

1 234567890123456789012345678901234
1

x tpxtd$xluxtpxtdgwtdxtpxtsyxtpxtdy
VA

T

r=20 kK > r
[l =0

Comparisons: 1

Calculations: O

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

Xx tpxtdS$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z: 0

T

r=20 kK > r
[l =0

Comparisons: 2

Calculations: O

30



|

Simple linear-time algorithm

234567 890123456718 9012345672389 017234

tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
: 00

Comparisons: 3

Calculations: O

30



>

Simple linear-time algorithm

234567 890123456718 9012345672389 017234

1o
tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy

Z: 00

r=20 kK > r
[l =0

Comparisons: 4

Calculations: O

30



Simple linear-time algorithm

1 234567 890123456738 901234567389 01234
12

Xx tpxtdS$Sxluxtpxtdgwtdxtpxtsyxtpxtdy

Z: 00

T

r=20 kK > r
[l =0

Comparisons: 5

Calculations: O

30



Simple linear-time algorithm

1 23456 7890123456718 901234567289 017234

x tpxtdS$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z: 002

r=5 k=r,k=2,2Z,=0,|S[k,r]| =1

Comparisons: 5

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z: 0020

Comparisons: 6

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z: 00200

Comparisons: 7

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz:002000

r—=—2>5 kK >r

Comparisons: 8

Calculations: 1

30



>

Simple linear-time algorithm

234567 890123456738 9012345673 89012334
1o
tpxtd$xluxtpxtdgwtdxtpxtsyxtpxtdy

Z:002000

Comparisons: 9

Calculations: 1
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Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z: 0020001

T

r =28 k>r
[ =8

Comparisons: 10

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901°234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000T120

r=28 k>r
[ =28
Comparisons: 11

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901°234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2:002000100

r=28 k>r
[ =28
Comparisons: 12

Calculations: 1

30



>

Simple linear-time algorithm

234567890123 45678 901234567389 012334

1o
tpxtd$xluxtpxtdgwtdxtpxtsyxtpxtdy

Z:002000100

r =28 k>r
[ =8

Comparisons: 13

Calculations: 1

30



Simple linear-time algorithm

1 234567 89012345678 901234567389 01234

12
X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2:002000100

r=28 k>r
[ =28
Comparisons: 14

Calculations: 1

30



Simple linear-time algorithm

1 2345678 90123456738 901234567389 012334
1 3

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Z2:002000100

r=28 k>r
[ =8
Comparisons: 15

Calculations: 1

30



Simple linear-time algorithm

1 234567890123456789012345678901234
l 4

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Z2:002000100

r=28 k>r
[ =8
Comparisons: 16

Calculations: 1

30



Simple linear-time algorithm

1 2345678 90123456738 901234567389 012334
s

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Z2:002000100

r=28 k>r
[ =8
Comparisons: 17

Calculations: 1

30



Simple linear-time algorithm

1 2345678 90123456738 901234567389 012334
1 6

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Z2:002000100

r=28 k>r
[ =8
Comparisons: 18

Calculations: 1

30



Simple linear-time algorithm

1 234567 89012345678 901234567389 012234

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6

T

r=16 k<r,k'=2,27Z,,=0,|S[k,r]|=5

Comparisons: 18

Calculations: 2

30



Simple linear-time algorithm

1 23 4567890123456 78 901234567189012334

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100(6/0

/]\

r=16 k<r,k'=3,Z,, =0, |S[k,r]| =4

Comparisons: 18

Calculations: 3
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Simple linear-time algorithm

1 23 4567890123456 78 901234567189012334

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/00

/I\

r=16 k<r,k'=4,27Z, =2, |S[k,r]| =3

Comparisons: 18

Calculations: 4

30



Simple linear-time algorithm

1 23 4567890123456 78 901234567189012334

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/00 2

T

r=16 k<r,k'=5,2Z,, =0, |S[k,r]| =2

Comparisons: 18

Calculations: 5

30



Simple linear-time algorithm

1 234567 89012345678 901234567189 012334

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100(60020

T

r=16 k=7r,k'=6,Z, =0, |Sk,r]|=1

Comparisons: 18

Calculations: 6

30



Simple linear-time algorithm

1 234567890123456789012345678901°234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2:002000100600200

Comparisons: 19

Calculations: 6

30



Simple linear-time algorithm

1 234567890123456789012345678901°234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2-0020001006/002000

Comparisons: 20

Calculations: 6

30



Simple linear-time algorithm

1 234567890123456789012345678901°234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2-:002000100[{60020000

Comparisons: 21

Calculations: 6

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz2-002000100/600200000O0

Comparisons: 22

Calculations: 6

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz2-002000100/6)/002000000O0

Comparisons: 23

Calculations: 6

30



>

Simple linear-time algorithm

234567 890123456738 9012345678901 234
1o
tpxtd$xluxtpxtdgwtdxtpxtsyxtpxtdy

Zz-002000100/6002000000O0

Comparisons: 24

Calculations: 6

30



Simple linear-time algorithm

1 234567 890123456738 901234567289 017234

12
X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz2-002000100/6)/002000000O0

Comparisons: 25

Calculations: 6

30



Simple linear-time algorithm

1 2345678 90123456738 901234567389 017234
1 3

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Zz2-002000100/6)/002000000O0

Comparisons: 26

Calculations: 6

30



Simple linear-time algorithm

1 2345678 90123456738 901234567389 017234
l 4

X tpxtdSxluxtpxtdgwtdxtpxtsyxtpxtdy

Zz2-002000100/6)/002000000O0

Comparisons: 27

Calculations: 6

30



Simple linear-time algorithm

1 2345678 90123456738 9012345678901 7234
s

Xx tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy

Zz2-002000100/6)/002000000O0

Comparisons: 28

Calculations: 6

30



Simple linear-time algorithm

1 234567890123 456738 901234567289 017234

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6002000000H>5

T

r=25 k<r, k=2 Z,=0,|S[k,r]| =14

Comparisons: 28

Calculations: 7
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Simple linear-time algorithm

1 234567 89012345678 9012345678901 7234

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z-002000100600200000050

T

r=25 k<r,k=3,Z,=0,|S[k,r]| =3

Comparisons: 28

Calculations: 8

30



Simple linear-time algorithm

1 234567 89012345678 9012345678901 7234

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:0020001006002000000500

T

r=25 k<r,k=4,27Z,=2,|S[k,r]| =2

Comparisons: 28

Calculations: 9

30



Simple linear-time algorithm

1 234567 89012345678 9012345678901 234
1 2

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy

Z:0020001006002000000500

T

r=25 k<r,k=4,27Z,=2,|S[k,r]| =2

Comparisons: 29

Calculations: 9

30



Simple linear-time algorithm

1 234567 89012345678 9012345678901 7234

x tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z-:002000100/60020000005002

/I\

r=25 k<r,kl=5,2Z,=0,|Sk,r]|=1

Comparisons: 29

Calculations: 10

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

Xx tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz2-002000100/600200000050020

Comparisons: 30

Calculations: 10

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Zz2-0020001006002000000500200

Comparisons: 31

Calculations: 10

30



Simple linear-time algorithm

1 234567890123456789012345678901234
1

X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/0020000005002000

Comparisons: 32

Calculations: 10

30



>

Simple linear-time algorithm

234567890123 456738 901234546789 012334

1o
tpxtd$xluxtpxtdgwtdxtpxtsyxtpxtdy

Zz2-00200010060020000005002000

Comparisons: 33

Calculations: 10

30



Simple linear-time algorithm

1 234567 890123456738 9012345467389 01234

12
X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/0020000005002000

Comparisons: 34

Calculations: 10

30



Simple linear-time algorithm

1 2345678 90123456738 90123456789 012334
1 3

X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy

Z:002000100/6/0020000005002000

Comparisons: 35

Calculations: 10

30



Simple linear-time algorithm

1 234567 890123456738 9012345467389 01234

l 4
X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/0020000005002000

Comparisons: 36

Calculations: 10

30



Simple linear-time algorithm

1 234567 890123456738 9012345467389 01234

s
X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/0020000005002000

Comparisons: 37

Calculations: 10

30



Simple linear-time algorithm

1 234567 890123456738 9012345467389 01234

1 6
X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z:002000100/6/0020000005002000

Comparisons: 38

Calculations: 10

30



Simple linear-time algorithm

1 234567 890123456738 9012345467389 01234

X tpxtd$Sxluxtpxtdgwtdxtpxtsyxtpxtdy
Z2:002000100/60020000005002000/6

Comparisons: 38

Calculations: 10

30



Notes

e Better worst-case complexity, not necessarily better

performance for any given P and T

— For our P and T', naive algorithm 42 comparisons

— Fewer comparisons, but more operations with linear-

time algorithm (longer string)
e With language, naive algorithm often competitive

e Smaller alphabet of bio-sequences makes linear-time

improvements more important

e More complex linear-time algorithms will yield other

improvements
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